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Abstract 

We present three examples of Green biset functors for which their 
simple modules can be parametrized. These are particular cases of a 
conjecture by Serge Bouc classifying the simple modules over a Green 
biset functor A, that generalizes the classification of simple biset functors. 
We also prove this conjecture under certain hypothesis for A. 

1 Introduction 

A Green functor for a finite group G is defined as a Mackey functor A with 
an additional multiplicative structure on each A(H), for H subgroup of G, 
compatible with the structure of Mackey functor. In the context of Mackey 
functors, Green functors have been extensively studied and many examples and 
applications of them have been found (see for example Thevenaz [5] , Bouc [3] and 
Panchadcharam and Street [B]). In the context of categories of biset functors, it 
has been proved by Serge Bouc that if the class of objects in the biset category 
is closed under direct products, then the category of biset functors defined on 
it has a symmetric monoidal structure given by tensor product, the identity 
element is the Burnside functor. A Green biset functor A is then a monoid 
in this category. That is, A is a biset functor compatible with the monoidal 
structures of the biset category and that of i?-Mod, when R is a commutative 
ring with unity. This means that A is equipped with bilinear products from 
A(G) x A(H) to A(G x H), for finite groups G and H, which have a unit 
element and are associative and functorial in a natural sense. One feature of 
this practical definition is that it allows us to observe that many known Green 
functors are Green biset functors too. 

The aim of this article is towards the classification of simple Green biset 
functors, the results are part of my Ph.D. dissertation [7]. As it happens with 
classical Green functors, the concept of module over a Green biset functor can 
be defined, and, as we will see in the next section, biset functors are modules 
over the Burnside functor. If A is a Green biset functor, a left ideal of A is a 
submodule of the A-module A. Similarly one defines a right ideal, and then a 
two sided ideal. A is called simple if its only two sided ideals are {0} and A. 
One natural step is then, the classification of simple modules over Green biset 
functors. 
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In order to study the modules over a Green biset functor A, Bouc introduces 
a category Va such that A-modules correspond to i?-lincar functors from Va to 
i?-Mod. The class of objects of Va is the same class of groups on which A is 
defined, and if G and H are groups in Va, then Hom-p A (G, H) = A(H x G). 
Certain composition o is then introduced for these arrows, it is described in 
the following section. It is a conjecture of Bouc that the simple modules over 
a Green biset functor A are in correspondence with couples (H, V) for which 
H is a group such that the quotient algebra A{H) is different from zero and V 
is a simple A(H)-modu\e. Here A(H) denotes the quotient of A(H x H) over 
the submodule generated by elements that can be factored through o by groups 
strictly smaller than H. The classification of simple biset functors turns out to 
be a particular case of this conjecture. We present here other three examples 
which satisfy it and we prove it under the assumption that minimal groups for 
simple A-modules are unique up to isomorphism. The examples are: 

1. The functor of rational representations with coefficients in a field of char- 
acteristic zero, kRq. Modules over fci?Q are also known as rhetorical biset 
functors and simple modules were already classified by Laurence Barker 
Q] . We present a different proof of this classification, using the fact that 
fci?Q is an homomorphic image of the Burnside functor kB. 

2. The functor of complex representations with coefficients in the complex 
field, CRc- In this case, CRc is the only simple C-Rc _m odule, and so it is 
a simple Green biset functor. 

3. The Yoneda-Dress construction at a group C of prime order of the Burn- 
side functor, RBc- 

2 Notation and settings 

By a group we will always mean a finite group. If G is a group, by a G-set, we 
will always mean a finite G-set. 

Let Z be a class of groups. We will say that Z is closed under subquotients 
if given a group G in 2, then the image of any morphism of groups from a 
subgroup of G belongs to Z. We will say that Z is closed under direct products 
if given G and H in Z, their direct product G x H is in Z. 

The definitions appearing in this section, as well as more results and theory 
around them, can be found in Bouc @]. 

We will write B(H, G) for the Grothendieck group of the category of finite 
(H, G)-bisets. If R is a commutative ring with identity, we will write RB(H, G) 
for i?®z B(H, G). Given U an (H, G)-biset and V a (K, _ff)-biset, the compo- 
sition of V and U, denoted by V Xjj U is the set of ii-orbits on the cartesian 
product V x U, where the right action of H is defined by 

V(w, u) e V x U, Wi e H, (v, u)-h = {vh, hr 1 ■ u). 

This composition has a natural structure of (K, G)-biset. 
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Notation 2.1. Let Z be a class of groups closed under subquotients. We will 
write f2fl ; z for the biset category with objects in Z. This means that if G and 
H are in Z, then HorriQ R z (G, H) = RB(H, G). The composition of morphism 
is given by the map 



The identity element in RB(G, G) is the (G, G)-biset G. 

If Z is the class of all finite groups, we will write £Ir instead of SIr : z- 

If H and G are groups and L ^ H x G, then the corresponding element in 
RB(H, G) satisfies the Bouc decomposition (2.3.26 in [4]): 



with C^D^H,A^B^G and / : B/A -)• D/C a group isomorphism. 

The biset functors we will consider are i?-linear functors from a category 
Qr, z to the category i?-Mod. The Burnside functor defined in flR_ z is denoted 
by RB. In the case of Green biset functors, we will always assume that Z is 
closed under direct products. 

Notation 2.2. Let G, G', H and H' be groups. If U is an (H, G)-biset and U' 
is an (H' , G')-biset, then the cartesian product U x V has a natural structure 
of (H x 7?', G x G')-biset. By linearity, this construction yields a map 



also denoted by (a, /3) i-> a x /3. 

If a is any element in RB(H, G) and if is a group, a x if will refer to this 
construction applied to a and the (K, _fT)-biset K. 

The following definition of Green biset functor is 8.5.1 in 0], it is given 
in terms of the tensor product of bisets functors, defined in 8.4.1 of the same 
reference. 

Definition 2.3. Let Z be a class of groups closed under subquotients and direct 
products. A biset functor A defined in Qr,z is a Green biset functor if there 
exist maps of biset functors 



_ x H - ■ RB(K, H) x RB(H, G) 



RB(K, G). 



Ind 



d x D Infg /C x D/c Iso(/) x B/A Def| M x B Res% 



RB(H, G) x RB(H', G') -> RB(H x H',Gx G'), 



/.i : A (g) A A, y e : i?B -> .4 



such that the following diagrams commute 



A (g> (A (g> A) 



Id(g>fl 



A® A 



RB<E)A 



A® A 



Id®e 



A®RB 






A 
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It is shown in Section 8.5 of [1] that this definition is equivalent to the 
following. 

Definition 2.4. A is a Green biset functor if it is a biset functor quipped with 
bilinear products A{G) x A(H) — > A(G x H) denoted by (a, b) n> a x b, for 
groups G, H £ Z, and an element ea £ satisfying the following conditions: 

• Associativity. Let G, H and K be groups in Z. If «g j k is the canonical 
group isomorphism from G x (i? x K) to (G x H) x if, then for any 
aE A(G), be A(H) and cGA(K) 

(a x b) x c = A(lso(ctG, h, k)) (a x (6 x c)). 

• Identity element. Let G be a group in Z. Let Ag : 1 x G — > G and 
Pg ■ G x 1 — > G denote the canonical group isomorphisms. Then for any 
a E A(G) 

a = A(Iso(A G ))(eyi x a) = A(Jso(p G ))(a x e A ). 

• Functoriality. If <p : G — > G' and ip : H ^ H' are morphisms in ^ , 
then for any a € A(G) and b £ A(if) 

x %j;){a xb) = A(tp)(a) x A(tp)(b). 

Example 2.5. Assigning to a group G the Burnside ring B(G) defines a biset 
functor in £1%. In order to define the products B(G) x B(H) — > B(G x H), 
let a be in B(G) and b be in B{H). Then J B(Inf^ xH )(a) is in B(G x H) 
and B(lnfft XH )(b) is also in B{G x H), and so a x b is given by the natural 
multiplication of these two elements in B(G x H). In other words, this product 
is induced by the bifunctor sending a G-set X and an H-set Y to the (GxH)-set 
X x Y. 

Example 2.6. Let F be a field of characteristic zero and Z the class of finite 
groups. As in the previous example, assigning to each group G in Z the 
Grothendieck group of finitely generated FG- modules, Rv(G), defines a biset 
functor i?F- It also has a structure of Green biset functor given in the following 
way: Let s € R ¥ (G) and t G Rw(K), then R v (Infg xK )(s) and J R F (Inf^ x ' ff )(t) 
are both in i?p(G x K) and so the natural product in Rf(G x K), given by <8>f, 
gives us the product sxi 

These examples show us the way to pass from many known Green functors to 
Green biset functors. Let Z be closed under subquotients and direct products. 
Suppose A is a biset functor defined in z such that A(H) is an i?-algebra 
with unity for each H £ Z, and which satisfies the following: Let / : K — > L be 
a group homomorphism for K, L £ Z, write X for the natural (K, L)-biset L 
and Y for the (L, if )-biset L. Then A(X) is a morphism of unital i?-algebras 
and A satisfies the Frobenius reciprocity relations, that is, for all b £ A(L) and 
a £ A{K) 

A(Y)(a) ■ b = A(a ■ A(X)(b)) and b ■ A(Y)(a) = A(Y)(A(X)(b) ■ a). 
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In this case, A has also a structure of Green biset functor. To define the products 
A(G) x A(H) -> A(G x H), let a e A{G) and & e A(H). We take A(Inf| xff )(a) 
and A(Inifl XH )(b), make their product in A(G x iJ) and define a x & as this 
product. Then it can be shown that A satisfies the three conditions of Definition 
12.41 with ea being the identity element of the original product in A(l). 

Definition 2.7. Let A and C be Green biset functors defined in SIrz- A 
morphism of Green biset functors from A to C is a morphism of biset functors 
/ : A —> C such that /g(«) x fii(b) = faxH(a x b) for any groups G, H e Z 
and any a <E A(G), b <E A(if). 

Example 2.8. For a field F of characteristic 0, the linearization morphism 

lin F , G -BIG) -^Rv(G) 

sending each G-set X to the FG-module FX is a morphism of biset functors 
(Remark 1.2.3 in [1]). By the two previous examples, clearly it is a morphism 
of Green biset functors. 

Definition 2.9. Let Z be a class of groups closed under subquotients and direct 
products and A be a Green biset functor defined in Hr^z- An A- module is a 
biset functor M from z to i?-Mod together with morphism A(G) x M(H) — > 
M(G x H) for groups G, H £ Z, denoted by (a, m) H> a x to, fulfilling the 
following conditions. 

• Associativity. Let G, H and K be groups in Z. If ac, h, k is the canonical 
group isomorphism from G x (H x K) to (G x i/) x K, then for any 
a £ A(G), 6 G A(H) and m e M(iT) 

(a x 6) x to = M(Iso(aG,ff, x (6 x to)). 

• Identity element. Let G be a group in Z. Let Ag : 1 x G — > G denote the 
canonical group isomorphism. Then for any m G M(G) 

to = M(Jso(Xg))(sa x to) 

• Functoriality. If cp : G — >■ G' and i/j : H H' are morphisms in f2#, ^ , 
then for any a € ^4(G) and ?ti € A(H) 

M(ip x tp)(a xb) = A(tp)(a) x M(ip)(m). 

As it is seen in Section 8.5 of [3], ^-modules form a category, denoted by 
A-Mod. 

The category associated to a Green biset functor 

The following proposition is point 5 in Proposition 8.6.1 of [4], where it appears 
without proof. 



5 



Notation 2.10. If X is a (G, J2>biset, let jt be the (G x H, l)-bisct X with 
action (g, h)x — gxh" 1 for g in G, h in H and x in X. This construction 
induces a map a H> from i?(G, if) to £>(G x H, 1). For G a group, G* refers 
to this notation applied to the (G, G)-biset G. In this case, G will denote the 
(1, G x G)-biset G°p. 

Proposition 2.11. Let A be a Green biset functor over SIr } z ond let Va be 
the following category: 

• The objects ofVA cire the groups in Z. 

• If G and H are in Z, then Hom-p A (H, G) — A(G x H). 

• Let H, G and K be groups in Z. The composition of f3 G A(H x G) and 
a G A{G x K) in Va is the following: 

[3oa = A(H x t? x K)((3 x a). 

• If G is in Z, then the identity morphism of G in Va is A(G*)(sa) ■ 

Then Va is an R-linear category and A-Mod is equivalent to the category of 
R-linear functors from Va in Li-Mod. 

We will not present the complete proof here, we will only give the maps of 
the equivalence, leaving to the reader the details of proving it certainly is. 

Proof. We will write Fun('P J 4 — > i?-Mod) for the category of functors from Va 
to R-Mod. 

First we define a functor 

S : A-Mod — ► Fun(7^ R-Mod). 

Let M be an A-module, define Fm ■ Va — > i?-Mod in a group G as M (G). For 
a morphism a G A(G x H), define 

F M (a) : M(H) -)■ M(G) m h-> M(G x%l)(axrn). 

Once proved that Fm is a functor, it is not hard to see that if / : M — > N is an 
arrow of A- modules, then / defines a morphism from Fm to F^. 

Now let F be a functor from Va to i?-Mod. Then it is a biset functor 
through the morphism e : RB — > A of Definition 12.31 That is, if a is a (G, H)- 
biset, then F(ecxii(ct)) is a morphism of i?-modules from F(H) to F(G). Now, 
in proving the equivalence between Definitions 12.31 and 12. 4[ one observes that 
eG X ff(a) = A(~ct)(eA)- With this, it is easy to see that e is a morphism of Green 
biset functors, and then, that F is functorial in Sljj^, using the lemma stated 
right after this proof. Also, if Xh = {H x H)/A(H), we have that eHxH(Xn) 
equals A(Li)(ea), and so F(Xh)(iti) = m. 
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To make F an A-modulc, define the product 

A(G) x F(H) -> F(G x if) (a, m) ^ F(A(G x ^)(a))(m). 

After proving this product satisfies the three conditions of Definition 12-91 we 
have the map in objects of the functor 

T : Fwx(V A -> R-Mod) — > A-Mod, 

sending F to itself. Now, if t : F — >• E is an arrow in the category of the left 
hand side, because of the way F was defined in bisets, it is clear that t is also 
an arrow of biset functors. On the other hand, t commutes with morphisms in 
Vai this implies that t behaves well with the product defined above. □ 

The following lemma will be used throughout the rest of the article. We 
leave the easy proof to the reader. 

Lemma 2.12. Let A and C be Green junctors and f : C A a morphism of 
Green functors. If f3 € C{H x G) and a e C(G x K), then 

fHxK(P oa) = fHxa(P) o fcxK(a). 

As a first application of the previous proposition, we have the following 
example. 

Example 2.13. Every biset functor is an i?£?-module. First, observe that the 
composition in Vrb coincides with the known composition for bisets. That 
is, if ft is an (H, G)-biset and a is a (G, i^)-biset, there is an isomorphism of 
(H, K)-bisets between 

RB(H x G~ x K){p x a) and f3 x G a. 

The Bouc decomposition for G is 

Deff (G) x A(G) Resgg, 

so RB(H X ^ X K)(p X a) is the deflation from H x A(G) x K to H x K of 
j3 x a having the following action as H x A(G) x K-set 

(h, g, g, k) ■ (x, y) = (hxg' 1 , gyk' 1 ). 

This deflation is then the biggest quotient of f3 x a in which 1 x A(G) x 1 acts 
in the trivial way, and this is precisely (3 x G a. 

So, the category Vrb is equivalent to £Ir : z, and any biset functor is an 
i?£?-module. 

A deep study of simple biset functors can be found in Chapter 4 of [1] . There 
we can find that the isomorphism classes of simple i?B-modules are indexed by 
isomorphism classes of seeds (H, V), where H is a group in Z and V is a simple 
i?Out(ff)-module. To each seed (H, V) corresponds the isomorphism class of 
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Sh,v, where Sh,v{G) is the quotient of Lr.v{G) = RB(G,H) ®rb(h,H) V 
over 

n n 

Jh,v{G) = { w ® "i e W(G) I • n i = W> e G )}- 

i=l i=l 

An important characteristic of H is that it is a minimal group for Su. Vi and 
for a simple biset functor all its minimal groups are isomorphic. 

Definition 2.14. Let M be a biset functor defined on £Ir,z- A group i? in 
Z is called minimal for M if M (#) ^ and M {K) = for any K in Z with 

1*1 < 1^1- 

This motivates the following definition. 

Definition 2.15. Let A be a Green biset functor on Qr,z, and H be & group in 
Z. We will write I a (H) for the submodule of A(H x H) generated by elements of 
the form aob, where a is in A{H x K), b is in A(K x H) and if is a group in Z of 
order smaller than \H\. We will denote by A(H) the quotient A(H x H)/Ia(H). 

It is clear that ^4(-ff) is an i?-algebra. If A — RB, it is known (Proposition 
4.3.2 in U, for instance) that RB(H) is isomorphic to ROut(H). Nonetheless, 
we will see in the following section that this quotient RB(H) may vanish. 

The classification of simple biset functors is a particular case of the following 
conjecture. 

Conjecture 2.16 (S. Bouc, personal communication). Suppose that A is a 
Green biset functor. Let Sa be the set of equivalence classes of couples (H, V), 
where A(H) ^ 0, V is a simple A{H)-module and (H, V) ~ (G, W) if there 
exists an isomorphism of groups tp : H — J> G such that V = V W . 

Then the isomorphism classes of simple A-modules are in one-to-one corre- 
spondence with the elements of Sa ■ 

The details of the isomorphism V = V W are given in Section 4. 

In the following two sections we will present other three examples of Green 
biset functors which also satisfy this conjecture. 

If S is a simple A-module, then S ^ 0, so taking H as a group of minimal 
order such that S(H) ^ 0, we have a minimal group for S. 

Lemma 2.17. Let S be a simple A-module for a Green biset functor A defined 
in £Ir,z- If H £ Z is a minimal group for S, then A(H) ^ and S(H) is a 
simple A(H) -module. 

Proof. Suppose we have A(H) = 0, then in particular A(]I)(ea) = Yn=i a i ° ft 
where on € A{H x Ki) and ft £ A(Ki x H ) with Ki a group of order smaller than 
\H\. But S(cti o ft) = because H is minimal for 5, then S(A(^)(e A )) = 0, a 
contradiction. 
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Clearly, S(H) is an A(H)-modu\e, so it suffices to see it is a simple A(HxH)- 
module. Let W be an A(H x i/)-submodule, define 

T(G) = {m G S(G) | VX G x G), S(X)(m) G W}. 

It is easy to see that T is a subfunctor of S. Besides, T(H) = W . Now, if 
t G r(iT), then in particular for X = A{H){e A ) we must have T{X){t) G W, 
then T(H) C On the other hand, since W is a ^4(iJ x £f)-submodule, then 
S(X)(w) is in for all w G W and X G x H), and so^C T(if). 

Hence, if T = we have = 0, and if T = S then W = S{H). □ 

3 A;i?Q-modules or rhetorical biset functors 

In this section k will be a field of characteristic 0. 

Rhetorical biset functors were introduced by Laurence Barker in T], there 
he proves that every rhetorical biset functor over k is semisimple and gives a 
classification of the simple functors. The definition of rhetorical biset functor we 
will give next is not exactly the one appearing in [T] but, under the hypothesis 
we will make, it is equivalent to that one. 

Denote by flk the category having the class of finite groups as objects, and 
where the morphisms from G to H is the quotient kB(H x G)/Ker(kYm¥ h xg)- 
with F a field of characteristic and 

fclinF : kB — > kR$ 

being the linearization morphism. Thanks to Lemma 12.121 the composition o 
can be extended to this quotient. A rhetorical biset functor is defined as a 
fc-linear functor from fife to fc-Mod. 

Proposition 12.111 and Artin's induction theorem gives us that in the case 
F = Q, rhetorical biset functors coincide with fci?Q-modules. An equivalent 
statement is made in Proposition 3.1 of [T], in view of the following lemma, 
which describes the composition o in the category VkFtq- 

Lemma 3.1. Let H, G and K be groups. If [M] is in kRq(H x G) and [N] is 
in kRq(G x K), then 

kRq(H x (7 x K){[M] x [N]) = [M ® QG N}. 

Proof. Recall that the product [M] x [N] is defined as the isomorphism class of 
the Q(H x G x G x A")-module M <8>q N, where G x K acts in the trivial way in 
M and H xG acts in the trivial way in N. From the Bouc decomposition for G , 
we have that applying A(H x G x K) to this module gives the deflation from 
H x A(G) x K to H x K of the module M ®q N restricted to H x A(G) x K. 
But this deflation is the biggest quotient of M ®q N in which 1 x A(G) x 1 acts 
in the trivial way, that is M ®qc A. □ 
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Hence, Theorem 1.5 of pQ gives a classification of simple /ci?Q-modules: They 
are the simple biset functors indexed by seeds (H, V) where H is a cyclic group 
of order m and V is a primitive k(Z/m'Z) x -module. 

Definition 3.2. Let m be in N — {0}. A simple fc(Z/mZ) x -module V is called 
primitive if given n a divisor of m and n mt n : (Z/rnZ) x — > (1j/nZ) x the natural 
projection, if Kerir mt „ acts trivially on V, then n = m. 

The rest of this section is devoted to give a different proof of this classifica- 
tion, using the techniques of Green biset functors. First, we observe that this 
classification is a particular case of Conjecture 12.161 This fact can also be con- 
cluded from Proposition l4.2[ by proving (as we will do with Ci?c and RBq) that 
for each simple fci?Q-module its minimal groups are unique up to isomorphism. 
On the other hand, using the fact that fclinQ is an epimorphism of Green biset 
functors, we can prove directly not only that kRq satisfies the parametrization 
of Conjecture 12.161 but also that simple fci?Q-modules are simple biset functors. 

In proving the following lemma, we will use the fact, easy to proof, that 
it / : A — > C is an epimorphism of Green biset functors, then the simple C- 
modules are the simple A-modules in which Kerf acts in the trivial way. 

Lemma 3.3. The simple kRq-modules are the simple biset functors Sr,v, 
where H satisfies kRq(H) ^ and V is a simple kRq(H) -module. 

Proof. Since the linearization morphism fclinQ is an epimorphism of Green biset 
functors, the simple fci?Q-modules are the simple biset functors Sh, v m which 
Ker(k\mq) acts trivially. Hence, by Lemma [2.171 we have that kRq(H) ^ 
and V is a simple fci?(j(iJ)-module. 

Now let Sh,v be a simple biset functor such that kRq(H) ^ and V is a 
simple fci?Q(if)-module. 

Take K and G arbitrary groups, as we said in the previous section, Sh,v(G) 
is the quotient of Lh,v{G) — kB(G, H) ®kB(H,H) V over its unique maximal 
subfunctor 

n n 

Jh,v(G) = { J2<Pi ® n i e l h, v(G) | o Vi ) ■ m = o W e kB{H, go}. 
1=1 1=1 

Let a be in Ker{k\xs\iQK), we shall prove that a acts in the trivial way on 
Sh,v(G). It suffices then, to prove that if m = X^i^i ® n i is an element in 
Lh,v(G), the product a x m belongs to Jh,v{K x G). By Proposition 12.111 
the product a x m is given by SH,v(kB(K x G)a)(m), but Ker(k\mq) is a 

subfunctor of kB, so kB(K x C^)a is in Ker(k\mqKxGxc)- Then, if ip is any 
element in kB(H x K x G), by Lemma \2. 121 the composition 

Xi — i/j o (A(K x ~G)a) o ipi 

belongs to Ker(klmqHxH)- Finally, since V is a kB(H x iJ)-module that is 
also a kRq(H x 7?)-module, we must have Xi • ni = for all i, and hence ax m 
is in J H ^ V (K x G). 
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This proves that Ker(k\m<o) acts in the trivial way on Sh, v and so, this is 
a fci?Q-module. □ 

The following result tells us that in order to find the simple biset functors 
of this lemma, it suffices to consider cyclic groups. 

Lemma 3.4. 

i) Let G be any non trivial group. Then //^(G) is equal to 

E kR®(G x K) o kR Q (K x G). 

K cyclic 
\K\ proper divisor of \G\ 

ii) If G is not a cyclic group, then kR^{G) = 0. 

Proof. Let L be any group. By the Artin Induction Theorem, every element x 
in kRq(G x L) can be written as 

E «c[lctg xL ] 

C cyclic 

for some ap £ k. Now, in Bouc's decomposition for (G x L)/C 

Ind^ x D Inf^ /£ x D/E Iso^f x B/A Dcff /A x B Res B 

we have that D/E is a cyclic subquoticnt of G. On the other hand, since the 
linearization morphism is a morphism of Green biset functors, from Lemma[2T2] 
we have 

r-i + GxLi r-i + GxD C ] ^ n + D cXli 

[ictc \ = l 1 xTx W^Ty J 
if we write Dc for D/E, and suppose that Ind^j x £> Inf^/^ is isomorphic to 
(G x D c )/X and Iso^y^ Xg^ Deff j A x B Res^ is isomorphic to (D c x L)/Y. 

To prove i) suppose that L is a group of order smaller than \G\ and take y 
in kRq>(L x G). If in the previous decomposition we write yc = [ly ty cXi ] °y> 
then x o y is equal to 

E *c{ixtT Dc ]°yc 

C^GxL 
C cyclic 

which belongs to J2k kRq(G x K) o kRq(K x G) with K cyclic of order a proper 
divisor of \G\. 

To prove ii) suppose that G is not cyclic and take L = G. In this case we 
must have Dc of order smaller than \G\ for every C, since G is not cyclic. This 
proves that fci?Q(G) = 0. □ 
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In the rest of the section, H will be a non trivial cyclic group. We will now be 
interested in finding which simple kOut(H)-modu\es are also fci?Q(-ff)-modules. 

As we said, kB(H) is isomorphic to kOut(H). This isomorphism is given by 
associating to each automorphism a of H , the H x H-set X a = (H x H) / A a (H) 
where 

A a (H) = {(a, a(a)) \ aeH}. 

The inner automorphisms are all identified with X^. Observe that if H is cyclic, 
then Out(iJ) = Aut(ff) and A a (H) is cyclic. 

Recall that for an abelian group G, the dimension of kRq(G) over k is the 
number of cyclic subgroups of G. Besides, the elements of the form [lctcl with 
C cyclic generate kRq(G), and so they are a basis. We shall denote this basis 
by /3(G). 

Lemma 3.5. Let K be a cyclic group with \K\ a proper divisor of \H\. Let a 
be an automorphism of H. Consider a Q(H x H)-module T of the form 

with C ^ H x K and D ^ K x H cyclic subgroups. Then the coefficient of 
[lA„(ff) Ta X (h)] f or PI * n t erms of the basis f3(H x H) is different from if and 
only if 

i) tth(C) = H = tth(D), with tth(C) and tth(D) being the projections on 
H of C and D respectively. 

ii) C =< (h, x) > ^=^> D =< (x, a(h)) >. 
In this case, the coefficient is \K\/\H\. 

Proof. Let r be the character associated with T. By Theorem 15.4 in Curtis 
and Reiner [5], the coefficients of r in terms of the basis j3(H x H) are given in 
the following way: For G ^ H x H cyclic, we have 

where {G*} runs over all cyclic subgroups containing G, [i is the Mobius function 
and z* is a generator of G*. 

Since the exponent of (H x H) is \H\, then A a (H) is a maximal cyclic 
subgroup, that is, it is not properly contained in any other cyclic subgroup. 
Hence, if q a denotes q^ a (H), then q a = (1/\H\)t(z) for z a generator of A a (H). 

Suppose that H =< a >. Let tq and td be the characters of lctc XK anc ^ 
LotD Xi? ' respectively. By Lemma 7.1.3 in Bouc [4], we have 

t(o, cr(a)) = r c (a, a;)T D (x, a(a)). 
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So, q a is different from if and only if there exists x <E K such that (a, x) 
belongs to C and (x, a (a)) belongs to D, and in this case 



T C (a, x) = [H x K : C] and t d (x, a{a)) = [K x H : £>]. 

Now, since is a proper divisor of then (a, x) and (x, c(a)) are elements 
of order \H\, and we must have < (a, x) >= C and < (x, <j(a)) >= _D. For the 
same raison, x is the only element of K such that (a, x) is in C (respectively 
(x, a(aj) is in D). From this we have q a = \K\/\H\. □ 

If a is an automorphism of H, we will write l,j for the trivial QA CT (7J)- 
modulc. Suppose that = m. We take the smallest non negative representa- 
tives of (Z/mZ) x and denote by at the automorphism of H corresponding to the 
class of t in (Z/mZ) x . By composition with the isomorphism between kB(H) 
and k(Z/mZ) x , we can consider the following extension of the linearization 
morphism 

£ H : fc(Z/mZ) x — kRq(H), 
which sends [i] to the class of [l CTt Ta*^)]- 
Proposition 3.6. Lei x„ be 



E 

[t]£KerTr n 



[t]. 



The kernel of In is the ideal generated by {x„ | n proper divisor of m} . 

Proof. First suppose n is a proper divisor of m, let us see that x„ is in the kernel 
of £h- Let K be a cyclic group of order n and suppose that H =< a > and 
K =< x >. Let C =< (a, x) > and D =< (x, a) >. If [t] is in the kernel of 
n m , n , then 

< (x, a) >=< (x, af >=< (x, <7t(a)) > . 



So, by the previous lemma, the isomorphism class of 



[i]G-R"er7T„ 

appears with coefficient in the decomposition of 

[lct£ xK ® Q Kl D t™] 

in terms of f3(H x H). Clearly, this element is in kRq(H). Besides, if any 
other basic element of the form [l ar tA X ^ff)] appears in this decomposition, 
then there exists an integer d such that (x, a r (a)) d = (x, a), but it is easy to 
see that this implies [r] G Kem m , n . This means that the rest of the elements 
appearing in this decomposition come from (H x iJ)-sets which are in kB(H). 
Hence, ^(x„) is in kRq(H). 
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Suppose now that 

d 
i=l 

with [si] £ (Z/mZ) x and a, G fe is in the kernel of £h- Using Lemma [3.41 and 
the Artin Induction Theorem, this means that 

I>[i. 3i Ti x s %)] (i) 

can be written as 

i:^c^\°\i D ^; H i (2) 

with Cj, .Dj and Kj cyclic groups, and \Kj\ a proper divisor of |_ff|. By Lemma 
|3"1>I if [1^. Ta*^//)] is in tne decomposition of [l Cj tc*^] ° I 1 ^ Tz^ XH ]j we 
must have Cj =< (a, jc) > and Dj =< (x, a Si (a)) > for some x £ .Kj. Now, if 
rij is the order of x, then, such as we did before, the isomorphism class of 

^2 tf* f a . (h) ( 3 ) 

[t]£.Kern mt n . 

appears with coefficient in this decomposition. This means that if any 

element in this sum has coefficient different from in (2), then the whole sum 
has this same coefficient. Since all the elements in (1) and (3) are basic elements, 
then all the elements of (1) must be of the way described in (3), which proves 
the claim. □ 

Note that if Kem„ h „ = 1 for some n proper divisor of to, then [1a(H) Ta(h)] 
is in kRq(H), and hence kRq(H) = 0. 

Corollary 3.7. Let H be a group such that kRq(H) ^ 0, and V a simple 
kOut(H) -module. Then V is a kR^H)- module if and only ifV is primitive. 

Proof. We know that H must be cyclic. Suppose that it has order m > 1 and 
let n be a proper divisor of m. 

Suppose that V is a simple fc(Z/TO,Z) x -module that is also a /ci?Q(77)-module. 
If KerTr mt n acts trivially on V, then there exists v ^ in V such that x ■ v — v 
for all x £ KerTT my n, but this implies i„ • w / 0, a contradiction. 

Now suppose that V is a simple primitive fc(Z/mZ) x -module. If there exists 
v £ V such that x n ■ v — w with w ^ 0, then for all x £ Kerir m ^ „ we have 

X • w = x ■ (x n • v) = XX n ■ V — x n ■ V = w 

since x x ii — x ii . But this is a contradiction. □ 
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4 Other examples of the conjecture 



In this section we will prove that Ci?c and RBc for G of prime order, also 
satisfy Conjecture 12.161 In order to do this, we will first prove that if A is a 
Green biset functor such that for any simple A-modulc its minimal groups are 
isomorphic, then A satisfies Conjecture 12.161 Then we will prove that this is 
the case of CRc and RBc for G of prime order. 

Notation 4.1. Observe that if G and H are isomorphic groups in the category 
grp, then they are also isomorphic in V a for any Green functor A. To prove 
it, suppose that ip : H —> G is a group isomorphism. Consider X — Iso(f) and 
Y = Iso^^ 1 ), then define ot\ = A(x)(sa) and a 2 = A(Y )(ea)- It is not hard 
to prove that ai o a 2 — A(g)(sa) and that a 2 ° oti = A(H)(ea)- 

If W is an A(G x G)-module, we denote by V W the A(H x if)-module W 
with action of a G A(H x H) onwEft' given by a ■ w :— {a\ o a o a 2 )w. 

The following proposition will provide us two other examples of Green biset 
functors that satisfy the conjecture. 

Proposition 4.2. Suppose that A is a Green biset functor for which the minimal 
groups of each simple A-module form a single isomorphism class. Let Sa be the 
set of equivalence classes of couples (H, V), where A(H) ^ 0, V is a simple 
A(H) -module and (H, V) ~ (G, W) if there exists an isomorphism of groups 
ip: H G such that V V W . 

Then the isomorphism classes of simple A-modules are in one-to-one corre- 
spondence with the elements of Sa ■ 

Proof. If S is a simple A-module and H is a minimal group for S, then it is 
minimal for any other A-module isomorphic to S. Also, as we have seen before, 
in this case A(H) ^ and S(H) is a simple A(iJ)-module. To S we associate 
the pair (H, S(H)). The hypothesis over the isomorphism class of H, justifies 
that this choice is well defined, because if G is a group isomorphic to H then 
S(H) is isomorphic to S(G) as stated in the assertion. On the other hand, if 
(H, V) is a couple satisfying the hypothesis, then we will assign to it the module 
Sjj v defined as the quotient y/J^ v> wnere 

L H,vi K ) = A ( K x H ) ®A(HxH) V, L H ,v(a)(x = 
for a 6 A(G x K), and 

n n 

Jh,v( k ) = {^2 x i ® n * ^(y° x t)-^ = Vy G A(H x K)\. 

i=l i=l 

Since V is a simple A(H x i/)-module, then by Lemma 1 in Bouc [2], v has 
a unique simple quotient, this is v . This quotient satisfies y{H) = V . 

Let us prove that if (H, V) ~ (G, W), then Sfi v S£ w . Let ip : H -> G 
be the group isomorphism which makes V and ^W 7 isomorphic as A(i/ x H)- 
modules, then v = vw . We prove now that Lj^ vw = Lq w . 
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Let K £ Z, define 

H K : A(K xG)xW — > A(isT x F) 8 A( if Xff) »W, 

by /xx(ct, w) = aoai <8>a(h xH) v i where a\ is defined as in the previous notation. 
Observe that fiK can be extended to A(K x G) ®a(GxG) since if b is in 
A(G x G), then 

fj, K (a,bv) = aoai(g> A(HxH )bv 

= a o ai <S>a(HxH) ( a i ° «2 ° & o ai ° "2)" 

where «2 is defined as in the previous notation. Then 

H K (a,bv) = ao ftl ® i(Hxfl) (a 2 oioai)'W 
= ao (ai o a 2 obo ai) ® A( ^ HxH - ) v 

= aolofl! ®A(HxH) v 

= ^k{o- ° f ). 

Clearly /x is natural in K . The inverse of /x is dehned in a similar way. So 
v is isomorphic to w and hence, their unique simple quotients Sg v 

and Sq w are isomorphic. 

Finally, we prove these assignments define a bijection. 

The functor from A(H x H )-mod to Va that sends V to L H v is left adjoint 
of the evaluation Va — > A(H x ii)-mod sending each functor M to M(H). 
With this we can prove that if S is a simple A-module and S(H) ^ 0, then 5* 
is isomorphic to S H v with V — S(H). Since V is a simple A(H x i?)-module, 
then 

Hom VA (L HV , S) = Hom A (HxH)(V, S(H)) 

implies that S is a simple quotient of L H v and hence it is isomorphic to v . 

Now take a couple (H, V) with A(H) ^ and V a simple )-module. 
We see that H is minimal for v : Let if be a group of smaller order than 
H. Since V is a A(iJ)-module, from the definition of v , we have that 
S£ tV (K)=0. ' □ 

Ci?c-modules 

Proposition 4.3. Ci?c is the only simple CRc-module. In particular, it is a 
simple Green biset functor. 

Proof. By Theorem 10.33 in Curtis and Reiner [5], for any G and K groups 

CRc(G xK) = CRc(G) ® c <CR C {K) 
which, according to Lemma 13. 11 is equivalent to 

0? C (G x K) = CRc(G x 1) o Cifc(l X K). 
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This implies that if M is a Ci?c-module different from 0, then M(l) ^ 0. So, by 
Proposition ^. 21 the only simple module corresponds to (1, C). Now, if V ^ Ci?c 
is a left ideal different from 0, then V(l) ^ 0, and hence ecr c = C £ V^(l). From 
this we conclude V = CRc- □ 

In Chapter 7 of [4], Bouc proves that CRc is semisimple as a biset functor, 
its components are the simple Ci?Q-modules. We know that CRq = S\ t c is not 
a Ci?c-module. This proposition tells us that, in fact, none of these components 
is a Ci?c- m odulc. 



RBc-modules 

The following results concern the Yoneda-Dress construction at C of RB, for a 
group C. It is denoted by RBc- If F is a biset functor, then Fc sends each 
group G to F{G x C). In an element (p £ RB(G x H) it is defined as F(ip x C). 
More results on this construction can be found in Section 8.2 of [I]. 

Lemma 4.4. If A is a Green biset functor and C is a group, then Ac is a 
Green biset functor. 

Proof. That Ac is a biset functor is Lemma 8.2.2 in 0]. 

Let K and G be groups. Define D — {(c, 5, c) | c £ C, 5 £ G} and let / be 
the natural isomorphism from D to G x C. The product for Ac is given by the 
following composition 

A C (K) x A C (G) A(# x C x G x C) A(KxX ^K Ac ( K x G ) 

where Xq — Iso(/) Xd Res^ xGxC ' and x^ is the product of A. The identity 
element of A c is £ 4c = A(Ini{ xC )(e A ) £ A c (l). 

Let us see that this composition defines a product in Ac- 

Associativity: 

It is enough to prove that, for groups K, G and L, the exterior square 
in the following diagram is commutative, considering the corresponding group 
isomorphisms in vertices in the middle and bottom right: 



(xj.iii) (A(ct),id) 

A C (K) x A C (G) x A C (L) ^ A C (K x C x G) x A C {L) A C (K x G) x A C {L) 



(id, X A ) 



A C (K) x A C (G x C x L) 



(id, A(GxXg)) 



A C (K) x A C (G x L) 



xCxGxCxL) 



A(/3) 



A c (i<" xGxCxi) 



c A(KxCxGxX^) 



d A(JfxGxXg) 



■ A c (^: X C* X G X L) 



A(Kxxg xL ) 



A C (K x G x L) 



with a = if x and f3 — a x L x C . The square a is commutative since the 
product of A is associative. Squares b and c commute because the product of A is 
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natural with respect to bisets. Finally, it is not hard to see that the composition 
of bisets in square d are isomorphic, and so square d is commutative. 
Identity element: 

If a belongs to A C (G), thene^ c xa = A(l xX^)(^4(Inf} xC )(e j4 ) x A a). Now, 
A(Inf} xC )(e j4 ) x A a = A(InfJ xC x G x C)(e A xja), but it is straightforward to 
prove that (1 x X*g) x lxCxGxC (Inf** x G x C) is isomorphic to the identity 
biset 1 x G x C. 

Functoriality with respect to bisets: 

Let Z be a (G, L)-biset and Y be a (K, £))-biset. We should prove the 
commutativity of the exterior square in 

A C (L) x A C {D) ^ A C (L x G x D) ^ A C (L x D) , 



(Ac(Z),A c (Y)) 



A(ZxCxYxC) 



Ac(ZxY) 



A C (G) x A C (K) »- A C (G xCxK) ^ A C {G x K) 

where in the rows we have the product x of Ac- The square on the left com- 
mutes since the product of A is natural with respect to bisets. To verify the 
commutativity of the square on the right, we must only verify that the bisets 
involved are isomorphic. □ 

Following the ideas of Example 12.131 it is not hard to see that with this 
product, the composition in Vrb c > which we will denote by x d is the following. 
Let X be a (K xG x G)-set, and Y be a (G x L x G)-set. Then we can consider 
X as a (K, G)-biset endowed with an action of G, which we will suppose on 
the right and which commutes with those of K and G. In the same way, Y is a 
(G, L)-biset with an action of G that commutes with those of G and L. Hence 
X x q Y is the (K, L)- biset X XqY with a diagonal action of G, 

[x,y]c= [xc, yc}. 

The identity in RBc(G x G) is RBc{G ')({•}) which, by Bouc's decomposi- 
tion for ~3, equals (G x G x G)/(A(G) x G). 

Let E be a subgroup of G x L x C and D be a subgroup of L x K x G, we 
will use the Notation 2.3.19 of [4 , E * D to denote 

{(g, k, c) £ G x K x C \ 31 e L s. t. (g, I, c) 6 E and (I, k, c) € D}. 

With this notation, we have a sort of a Mackey formula for 3-sets. 

Lemma 4.5. Let G, L, K and C be groups. If E is a subgroup ofGxLxC and 
D is a subgroup of L x K x C ' , then we have an isomorphism of G x K x C-sets 

((GxLx C)/E) x d L ((LxKx C)/D) S |J (G x K x C)/(E * ^ c) D) 

(l,c) 

where (I, c) is running through a set of representatives of the double cosets 
P2, a{E)\L X C/pi j 3(D), with p2,z{E) and pi t 3(D) being the projections over 
L x C of E and D respectively. 
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Proof. If [(g, I, c)E, (/', k, c')D] is an element on the left, then it is easy to 
see that its orbit under the action of G x K x C is the same as the orbit 
of [(1, 1, 1)E, {l~ 1 V , 1, c~ x d)D]. With this observation, the proof that there 
exists a bijection between the orbits of (G x L x C)/E xf(L x K x C)/D under 
the action of G x K x C and p 2y3 (E)\L x C / pi t s(D), is analogous to the proof 
of Lemma 2.3.24 in Bouc g]. Similarly, the stabilizer of [(1, 1, 1)E, (I, 1, c)D] 
equals E *( l > 1 ' C ~>D. □ 

We will proceed now to prove: 

Proposition 4.6. If C is a group of prime order, then the simple RBc-modules 
are in one-to-one correspondence with the equivalence classes of couples (H, V) 
where H is a group and V is a simple RBc(H) -module. 

The proof will be given by Corollary 14.91 and Lemma 14.101 The first will 
tell us that RBc with C of primer order satisfies the hypothesis of Proposition 
14.21 that is, every simple i?i?c-niodule has isomorphic minimal groups. It is not 
hard to see that this hypothesis on a functor A is fulfilled if A has the following 
property: Suppose G and H are groups of order n. Let I n be the submodule 
of A{G x H) generated by elements of the form a o b with a £ A(G x K), 
b £ A(K x H) and K a group of order smaller than n. If G and H are not 
isomorphic, then A(G x H) — I n . All the functors we have considered have 
this property and we will prove next that RBc with C of prime order has 
it. Nonetheless, we will also see that this property cannot be extended to an 
arbitrary group C. For instance, if C is a cyclic group of order 4, we will find 
two non isomorphic groups G and H of order 8 and an element X £ Bq{G x H) 
such that X does not factor through a group of order smaller than 8. 

Until otherwise is stated, we may suppose C is any group. 

Notation 4.7. Let D be a subgroup of H x K x C. We will write pi(D), 
P2(D) and p%{D) for the projections of D in H , K and C respectively; pi^(D) 
will denote the projection over H x K, and in the same way we define the other 
possible combinations of indices. We write ki (D) for {h £ Pi(D) | (h, 1, 1) £ D} 
which is a normal subgroup of pi(D). Similarly, we define fc2(-D), k 3 (D) and 
ki,j{D) for all possible combinations of i and j. 

Lemma 4.8. If D is a subgroup of H x K x C, then as (H x K x C)-sets, 
(H x K x C) j D is isomorphic to 

i) X x d Di Y where D 1 = p 1 (D)/k 1 (D), for some X £ RB C {H x Dx) and 
Y £ RBc{Di x K). 

li) W x d D2 Z where D 2 = p 2 {D)/k 2 {D), for some W £ RB C {H x D 2 ) and 
Z £ RB C {D 2 x K). 

Proof. The proof of point 2 in Proposition 2.3.25 of [4], gives us the following 
group isomorphisms 



ki(D) k 2 , 3 (D) 



and 



MP) s piAd) 

k 2 (D) k h3 (D) 
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the first one sends aki(D) to (b, c)fc 2j 3(7)) if (a, b, c) is in D, the second one 
sends 6/c 2 (7>) to (a, c)fci,3(7?). 

Now let X = (H x Di x C)/U with 

17 = {(ft, a(ft)) | ft G Pl {D), a : Pl (£>) -» D{) x C. 

Let cr be the isomorphism from 7) 2 ,3 := p 2 ,3(7))/fc 2) 3(7)) to Di, we dchnc 
F = (Di x K x C)/V with 

V = {(a(/3(fc, c)), fc, c) | (k, c) G pa.sP), P ■■ P2, 3 (D) -» D 2 , 3 }. 

By Lemma 14.51 we have 

Xx^Y~ = [J (H x K xC)/(U * {t ' hc) V). 

(t, c) in 

[p2, 3 (t/)\-DlXC/j)i, 3 (F)] 

Since p 2| 3 (C7) = D\ x C, this union reduces to the element (77 x K x C) /U * V. 
Now, U * V is by definition 

{(h, k, c) I 3t g £>i s. t. (ft, i, c) g J7, (t, fc, c) G V}, 

so (ft, k, c) is in [7 * V if and only if a(h) = a(0(k, c)), which happens if and 
only if (ft, k, c) is in D. 

Second decomposition is obtained in a similar way. □ 

Corollary 4.9. Let C be a group of prime order and H and K be groups of 
order n. If there exists a transitive (H x K x C)-set X that does not factor 
through a group of order smaller than n, then G and H are isomorphic. 

Proof. Let X = (H x K x C)/D. If it does not factor through a group of 
order smaller than n, then we must have pi(D) = H, p%{D) = K, ki(D) = 1 
and ^(T)) = 1. From this we obtain that there exists a surjective morphism 
a : P2,s{D) — y 77. If C is a group of prime order, we have only two choices for 
P2,3(7}). If p2,3(D) = K x C\ for Ci < C, then a(k, c) = a\ (k) 0:2(0), where 
ct\ is a morphism from K to H. If k is in TTerai, then taking (k, 1) in p 2 , 3(7?) 
we have a{k, 1) = 1, hence k G fc 2 (T>) = 1. So we have that u\ is injective 
and H is isomorphic to K. If p2^{D) = {(k, t(k)) | t : K — > C}, then again 
through a we can define a surjective homomorphism from K to H and so they 
are isomorphic. □ 

This allows us to see that if S is a simple TiT^-module for C of prime order 
and H and K arc two minimal groups for S, then they are isomorphic. First, 
they have the same order n. Also, if A = RBc and V = S(H), then S = v 
and S(K) ^ 0. Hence there exists a transitive element X in RBc{H x K) such 
that S(X) ^ and in particular X does not factor through a group of order 
smaller than n. 

For the proof the next lemma we will use the following observations. Here 
C is again any group. 
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Let G, H and K be any groups. Take A ^ G x K x C and B < K x H x C. 
For A* B we can define the following morphism 

p A , B : A * B -> (p2(i4) n Pl (S))/(fc 2 (4) n ki(B)) (a, 6, c) ^ t(fc 2 (A) n fei(-B)) 

where i is an element in if such that (a, f, c) £ 4 and (t, b, c) <E B (that exists 
for each (a, 6, c) in A*£>), it is clearly unique modulo k2(A)(lki(B). The kernel 
of this morphism is 

N = {(a, b, c) e G x H x C \ (a, 1, c) e A, (1, b, c) € £?}. 

Suppose now that A*B = D satisfies pi{D) = G, pi{D) = H, k\{D) = 1 and 
ki{D) = 1. Then there exists a : P2,z{D) —> G such that -D = {(a(h, c), /i, c) 
(ft, c) G p2,3(-D)}- In this case, the kernel N of pa,b is of the form 

{(a(/iH, ti;), /iH, ti;) | w G C < C, f x : C -> H}. 

To see this, take (r, s, q) in AT. First we must have r = a(s, q). Also, if there 
is another s' such that (a(s',q), s', q) is in N, then (1, s's^ 1 , 1) is in B, but 
taking (1, 1, 1) in A we have (1, s's -1 , 1) in D, hence s — s'. So we can define 
a morphism /i from C = pz{D) to iJ, and AT has the desired form. 

Lemma 4.10. For any groups G and C we have RBc(G) ^ 0. 

Proof. Let 9 be an automorphism of G and ( : C — > Z(G) be a morphism of 
groups. We define -Ds.c = {(^(s)C( c )i 5> c ) (j, c) € G x C}, and prove that 
= {G x G x C)/Dg^ is different from in the quotient RBc{G). 
Suppose there exists K of order smaller than \G\ such that (GxGxC) / D is in 
RB C {G x K) x d K RB C (K x G). Then by Lemma[OJ there exist As^GxKxC 
and B ^ K x H x C, such that -De,c — A * B. According to the previous 
observations, if A^ is the kernel of the morphism pa.b, then (A*B)/N has order 
\G\[C : C\] for a subgroup C\ of C. This is a contradiction, since \(A * B)/N\ 
must also divide \K\. □ 

Finally, we present the following example, showing that the property of 
Corollary 14.91 cannot be extended to an arbitrary group C. 

Example 4.11. Let C =< c > be a group of order 4, G the quaternion group 

< x, y | x 4 = 1, yxy" 1 = x -1 , x 2 = y 2 > 

and H the dihedral group of order 8 

< a, & | a 4 = 6 2 = 1, feafe -1 = a -1 > . 

We will find D a subgroup of G x H x C such that the corresponding element 
in B(G x H x C) does not factor through a group of order smaller than 8. 

Consider T\ =< (a, c 2 ) > and T 2 =< (b, c) >, subgroups of H x C of order 
4. It is easy to observe that T\ is a normal subgroup, so T = TiT 2 is a subgroup 
of H x C. Moreover, T x n T 2 = {1} and if a = (a, c 2 ) and /9 = (6, c), then 
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f3a(3 1 = a 1 , so T = T\ xi T^. Finally, there is clearly a surjective morphism 
r : T — > G whose kernel is the subgroup of order 2 generated by a 2 f3 2 . So, we 
define D = {(r(t), t) \ t e T}. 

Observe that Pl (D) = G, p 2 (D) = H, k^D) = {1} and fc 2 (L>) = {1}. 

Suppose there exists if of order smaller than 8 and A ^ G x K x C and 
B ^ K x H x C, such that D = A * B. Consider the morphism Pa,b- From 
the observations before Lemma 14.101 we have that the kernel ./V can only have 
order 1, 2 or 4. Since [D : N] must also be smaller than 8, we conclude that N 
has order 4 and it is generated by an element of the form (r, s, c) E D. There 
are only four elements of this form in D, and none of them generates a normal 
subgroup, so we have a contradiction. 
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